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1
$H$ Hilbert , $g,g_{1},g_{2}$ , . . ., $g_{m}$ : $Harrow R$ . ,
$C=\{x\in H : \mathit{9}:(x)\leq 0(i=1,2, \ldots, m)\}$
. ,
$g(u)=1\mathrm{n}\mathrm{i}\mathrm{n}g(x)x\in C$




, $f$ : $Harrow(-\infty, \infty]$ . $x\in H$ ,
$\partial f(x)=\{z\in H : f(x)+\langle y-x, z\rangle\leq f(y)(^{\forall}y\in H)\}$
$H$ $H$ $f$ . , $u\in H$
, $f(u)= \min_{x\epsilon H}f(x)$ . $\partial f$
. , $(x,y),$ $(s,b)\in\partial f$
$(x-s, y-t)\geq 0$ Rockafellar [25] , $\partial f$
. $\partial f$ $\partial f$
. , $f(u)=1\mathrm{n}\mathrm{i}\mathrm{n}_{x\in H}f(x)$ ,
$\mathrm{O}\in\partial f(u)$ . , $A\subset H\mathrm{x}H$
,
$0\in Au$
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$u\in H$ – .
$A\subset H\mathrm{x}H$ , $\lambda>0$ . $x\in H$ ,
$J_{\lambda}(x)=\{z\in H : x\in z+\lambda A_{\tilde{\wedge}}\}$
, $J_{\lambda}$ $H$ $H$ – (cf. [29, 30]).
$A$ . \mbox{\boldmath $\lambda$} ,
. $x,$ $y\in H$ ,
$||J_{\lambda^{X-}}J_{\lambda y}||\leq||x-y||$
. $0\in Au$ , $u=J_{\lambda u}$ . Hilbert
,
.




(Proximal Point Algorithm) .
$x_{0}=x\in H$ , $\{x_{n}\}$
$x_{n+1}=J_{\lambda},,.x_{n}$ , $n=0,1,2,$ $\ldots$ (1)
. $\{\lambda_{n}\}\subset(0, \infty)$ , $\lambda_{n}>0$ \mbox{\boldmath $\lambda$}, $=(I+$
$\lambda_{n}A)^{-1}$ . 1976 Rpckafellar [26] , liln $\inf_{narrow\infty}\lambda_{n}>0$ $A^{-1}0\neq\emptyset$
, (1) $\{x_{n}\}$ $A^{-1}0$
.
, Br\’ezis-Lions [1], Lions [13], Passty [16], G\"uler [4], Solodov-Svaiter [28]
, Hilbert .
2000 - [8]
. $x0=x\in H$ , $\{x_{n}\}$
$x_{\iota+1},=\alpha_{n}x+(1-\alpha_{n})J_{\lambda_{\iota}},x_{n)}$ $n=0,1,2,$ $\cdots$ , (2)
$x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})J_{\lambda_{\iota}},x_{n}$ , $n=0,1,2,$ $\cdots$ (3)
. $x_{0}=x\in H$ , $\{\alpha_{n}\}$ $[0,1]$ . $\{\lambda_{n}\}$
$(0, \infty)$ . (2) $\{x_{n}\}$ $A^{-1}0$
, (3) $\{x_{n}\}$ $A^{-1}0$
.
- [9] Hilbert Banach
. Hilbert , $A\subset H\mathrm{x}H$
32
, Banach
. $E$ Banach , $A\subset E\mathrm{x}E$
, $(x, y),$ $(s, b)\in A$ , $j\in J(x-s)$ , $\langle y-t,j\rangle\geq‘ 0$
, $B\subset ExE^{*}$ , $(x, x^{*}))(y, y^{*})\in B$
, $\langle x-y,’ x^{*}-y^{*}\rangle\geq 0$ . $J$ $E$ $E^{*}\text{ }$.
.
, - $[8, 9]$
. $x_{0}=x\in E$ , $\{x_{n}\}$
$x_{n+1}=a_{n}x+\beta_{n}x_{n}+\gamma_{n^{j_{\lambda}}},$
‘
$x_{n}+e_{n},$ $n=0,1,2,$ $\cdots$ (4)
. $\{\lambda_{n}\}\subset(0, \infty)$ , $\{\alpha_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}$ $\alpha_{n}+\beta_{n}+\gamma_{n}=1$
$[0,1]$ , {en} $E$ . ,
, Hilbert Banach , $A^{-1}0$ ,
, .
2 3 . 3 Hilbert
, ,
4 Barxach $\mathrm{m}$- ,
. 5 .
2
$N$ , $R$ . $H$ Hilbert
, $E$ Banach $E$ $J$ , $x\in E$ ,
$J(x)$. $=\{x^{*}\in E^{*} : \langle x,x^{*}\rangle=||x||^{2}=||x^{*}||^{2}\}$
$E$ $E^{*}$ . $J(\mathrm{O})=\{0\}$
. Hahn-Banach , $x\in E$ $J(x)\neq\emptyset$ . ,
$E=H$ , $J$ $I$ . $A\subset ExE$
, $(x,y),$ $(s,t)\in A$ , $j\in J(x-s)$ , $(y-t,j)\geq 0$
. m- , A\subset ExE
,
$R(I+\lambda A)=E$ , $\mathrm{v}_{\lambda>0}$
. $D(A)=\{x\in E : Ax\neq\emptyset\}$ $A$ ,
$R(A)=\cup\{Ax:x\in D(A)\}$ $A$ . $A\subset E\mathrm{x}E$ m-
, $\lambda>0$ . $x\in E$ ,
$J_{\lambda}(x)=\{\approx\in E:x\in z+\lambda Az\}$
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, $\text{ _{}\lambda}$ $E$ $E$ – . $A$
. $J_{\lambda}=(I+\lambda A)^{-1}$ . , $\mathrm{O}\in Au$ $u=J_{\lambda}u$
. $A$ $A_{\lambda}= \frac{1}{\lambda}(I-J_{\lambda})$ .
$x\in E$ , $(J_{\lambda^{X}}, A_{\lambda^{X}})\in A$ .
$f$ : $Earrow(-\infty, \infty]$ , $f(a)\in R$ $a\in E$
. $f$ , $r\in R$ $\{x\in E:f(x)\leq r\}$




$f$ : $Earrow(-\infty, \infty]$ . $x\in E$ ,
$\partial f(x)=\{x^{*}\in E^{*} : f(x)+\langle y-x,x^{\alpha})\leq f(y), \forall_{y}\in E\}$
$E$ $E^{*}$ $\partial f$ $f$ .
$E$ Banach , $\epsilon\in[0,2]$ . ,
$\delta(\epsilon)=\inf\{1-\frac{||x+y||}{2}$ : $||x||\leq 1,$ $||y||\leq 1,$ $||x-y||\geq\epsilon\}$
$[0,2]$ $[0,1]$ $\delta$ $E$ modulus $\mathrm{A}\mathrm{l}$. $E$
– , $E$ $\{x_{n}\}$ , {y ,
$||x_{n}||=||y_{n}||=1,$ $narrow\infty 1\mathrm{i}\ln||x_{n}+y_{n}||=2$
$1\mathrm{i}_{\mathrm{l}}\mathrm{n}_{narrow\infty}||x_{n}-y_{n}||=0$ . $E$ – ,
$\epsilon>0$ , $\delta(\epsilon)>0$ . $E$ –
, $\epsilon>0$ ,
$||x||\leq r,$ $||y||\leq r,$ $||x-y||\geq\epsilon>0$
$. \frac{||x+y||}{2}\leq^{J}r\{1-\delta(\frac{\epsilon}{r})\},$ $\delta(\frac{\epsilon}{r})>0$
. , Banach . , [29] .
Banadh . $S(E)=\{x\in E:||x||=$
$1\}$ . , $x,$ $y\in S(E)$ , .
$\lim_{tarrow 0}\frac{||x+ty||-||x||}{t}$ ... $(*)$
Banach $E$ G\^ateaux , $S(E)$ $x,$ $y$
, $(*)$ . , $E$ .
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$E$ – G\^ateaux , $y\in S(E)$ , $(*)$
$x\in S(E)$ – . Banach $E$ Rr\’echet
, $x\in S(E)$ , $(*)$ $y\in S(E)$ –
. Banach $E$ – $\mathrm{R}\cdot\text{\’{e}} \mathrm{c}\mathrm{h}\mathrm{e}\mathrm{t}$ , $(*)$
$S(E)$ $x,$ $y$ – . $E$ ,
. $E$ – G\^ateaux , –
, $E$ – . $E$ ,
$E^{*}$ * .
$C$ Banach $E$ } $T:Carrow C$ .
$T$ $F(T)$ . $C$ , 2





. Hilbert , $C$
$C$ . – Banach
.
C Banach E , D C .
$C$ $D$ $P$ S sunny , $x\in C$ $t\geq 0$
$Px+t(x-Px)\in C$
$P(Px+t(x-Px))=Px$
. $C$ $D$ $P$ ,
$x\in C$ $P^{2}x=Px$ . $D$ $C$ sunny retract
, $C$ $D$ sunny .
, sunny – [29].
2.1. $C$ Banach $E$ . $P$
$E$ $C$ . , $P\mathrm{B}\sim unny$ ,
$x\in E$ $y\in C$ ,
$\langle$x–Px, $J(y-Px))\leq 0$





1 , 1976 Rockafellar [26] , .
3.1 (Rockafellar [26]). $H$ bert , $A\subset H\mathrm{x}H$
. $x_{0}=x\in H$ , $\{x_{n}\}$
$x_{n+1}=J_{\lambda,X_{n}}.$ , $n\in N$
. $\{\lambda_{n}\}\subset(0, \infty)$ , $\lim\inf_{narrow\infty}\lambda_{n}>0$ .
$A^{-1}0\neq_{-}\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$ .
, Br\’ezis-Lions [1], Lions [13], Passty [16], Guler [4], Solodov-Svaiter [28]
, Hilbert .
- [8] .
3.2 ( - [8]). $H$ Hilbe , $A\subset H\mathrm{x}H$
. $x_{0}=x\in H$ , $\{x_{n}\}$
$y_{n}\approx J_{\lambda_{\iota}},x_{n}$ ,
$x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})y_{n}$ , $n\in N$
. $||y_{n}-J_{\lambda_{n}X_{n}}.||\leq\delta_{n},$ $|l\in N$ , $\{a_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset$
$(0, \infty),$ $\{\delta_{n}\}\subset[0, \infty)$
$\lim_{narrow}\inf_{\infty}\alpha_{n}<1,$
$\lim_{narrow}\inf_{\infty}\lambda_{n}>0,\sum_{n=0}^{\infty}\delta_{n}<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$ .
$v= \lim_{narrow\infty}Px_{n}$ . $P$ $H$ $A^{-1}0$ .
$\mathrm{R}\mathrm{o}\mathrm{c}\mathrm{k}\mathrm{a}\mathrm{f}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{a}\iota\cdot[26]$ $\alpha_{n}\equiv 0$ ,
Theorem 3.1 .
3.3 ( - [8]). $H$ Hilbert , $A\subset H\mathrm{x}H$
. $x_{0}=x\in H$ , $\{x_{n}\}$
$y_{n}\approx J_{\lambda_{n}}x_{n}$ ,
$x_{n.+1}=0_{n}’.X+(1-a_{n})y_{n}.$ , $n\in N$
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. $||y_{n}-\text{ _{}\lambda_{l}},.x_{n}||\leq\delta_{n},$ $n\in N$ , $\{\alpha_{n}.\}\subset[0,1],$ $\{\lambda_{n}\}\subset$
$(0,\cdot\infty),$ $\{\delta_{n}\}\subset[0, \infty)$
$n arrow\infty 1\mathrm{i}\iota \mathrm{n}a_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty,$ $n arrow\infty 1\mathrm{i}\ln\lambda_{n}=\infty,\sum_{n=0}^{\infty}\delta_{n}<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$
. $Px=u$ , $P$ $H$ $A^{-1}0$ .
- .
3.4 ( - [6]). $H$ $H$ ilbe , $A\subset HxH$ $A^{-1}0\neq\emptyset$
. $x0=x\in H$ , $\{x_{n}\}$
$y_{n}\approx J_{\lambda_{n}.X_{n}}$ ,
$x_{n+1}=\alpha_{n}x+\beta_{n}x_{n}+\gamma_{n}y_{n}$ , $fx\in N$
. $||y_{n}-J_{\lambda},.x_{n}||\leq\delta_{n},$ $\dagger 1\in N$ , $\{\alpha_{n}.\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset$
$[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{\delta_{n}\}\subset[0, \infty)$ $a_{n}+\beta_{n}+\gamma_{n}=1,$ $\Sigma_{n=0}^{\infty}\lambda_{n}<\infty$
. (1), (2) .
(1) $\{\alpha_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset[0,1]$ ,
$n arrow\infty 1\mathrm{i}\ln\alpha_{n}^{l}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty,$
$narrow\infty 1\mathrm{i}\mathrm{m}\beta_{n}=0,$ $narrow\infty 1\mathrm{i}\mathrm{m}\lambda n=$
. , $\{X_{\hslash}\}$ $A^{-1}0$ $u$ .
$Px=u$ , $P$ $H$ $A^{-1}0$ .
(2) $\{\alpha_{\hslash}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}.\}\subset[0,1]$ ,
$\sum_{n=0}^{\infty}\alpha_{n}<\infty,$
$\lim_{narrow}\sup_{\infty}\beta_{n}<1,$ $\lim_{narrow}\inf_{\infty}\lambda_{n}>0$ .
. , $\mathrm{t}_{x_{n\}}}$ $A^{-1}0$ $v$ .
$v=1\mathrm{i}m_{narrow\infty}Px_{n}$ $P$ $H$ $A^{-1}0$ .
n} \Sigma $\alpha_{n}$






- [9] , $\mathrm{m}$- 32 33
Ballach .
4.1 ( - [9]). $E$ – Banach , $E$ \’echet
$E$ Opial . $A\subset E\mathrm{x}E$ m-
. $x_{0}=x\in E$ , $\{x_{n}\}$
$x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})\text{ _{}\lambda_{\iota}X_{\overline{n}}+e_{n}},$, $n\in N$
. $\{\alpha_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{e_{n}\}\subset E$
$\lim_{narrow}\sup_{\infty}\alpha_{n}<1,$
$\lim_{narrow}\inf_{\infty}\lambda_{n}>0,\sum_{n=0}^{\infty}||e_{n}||<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$
.
4.2 ( - [9]). $E$ – G\’atea-- Banach
, $E$
. $A\subset ExE$ $m$- . $x_{0}=x\in E$ , $\{x_{n}\}$
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})I_{\lambda_{\mathfrak{n}}}x_{n}$ $e_{n}$ , $71\in N$
. $\{\alpha_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{e_{n}\}\subset E$
$\lim_{narrow\infty}\alpha_{n}=0,\sum_{n\approx 0}^{\infty}\alpha_{n}=\infty,$ $n arrow\infty 1\mathrm{i}\ln\lambda_{n}=\infty,\sum_{narrow 0}^{\infty}||e_{n}||<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $v$
. $Px=v$ , $P$ $E$ $A^{-1}0$ sunny .
.
4.3. $E$ – Banach , $E$ Fr\’echet $E$
Opial . $A\subset E\mathrm{x}E$ ,$n$- . $x_{0}=x\in E$
, $\{x_{n}.\}$
$x_{n+1}=\alpha_{n}x+\beta_{n}x_{n}+\gamma_{n^{\text{ }}\lambda},,x_{n}+e_{n}$ , $n\in N$
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. $\{\alpha_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{e_{n}\}\subset E$
$1 \mathrm{i}\mathrm{n}1\sup_{narrow\infty}\alpha_{n}<1,1\mathrm{i}\mathrm{n})\sup_{narrow\infty}\beta_{n}<1,$
$\lim_{narrow}\inf_{\infty}\lambda_{n}>0,\sum_{n=0}^{\infty}||.e_{n}||<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$
.
4.4. $E$ – G\’ateaux \urcorner p $\prime \mathit{2}$ Banach $k$ , $E$
.
$A\subset ExE$ $m$- . $x_{0}=x\in E$ , $\{x_{n}\}$
$x_{n+1}=\alpha_{n}x+\beta_{n}x_{n}+\gamma_{n}\text{ _{}\lambda_{l}x_{n}+6_{n}},$ , $n\in N$
. $\{\alpha_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{e_{n}\}\subset E$
$n arrow\infty 1\mathrm{i}\mathrm{l}11\alpha_{n}=0,\sum_{n\approx 0}^{\infty}\alpha_{n}=\infty,\lim_{narrow\infty}\beta_{n}=0,$ $n arrow\infty 1\mathrm{i}\iota \mathrm{n}\lambda_{n}=\infty,\sum_{n=0}^{\infty}||e_{n}.||<$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $v$
. $Px=v$ , $P$ $E$ $A^{-1}0$ sunny .
.
4.5. $E$ Banach , $E$ – G\’ateanx




$x_{n+1}=\alpha_{n}u+\beta_{n}x_{n}+\gamma_{n^{\text{ }}\lambda_{1}},x_{n}+e_{n}$ , $n\in N$
. $\{\alpha_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset(0, \infty),$ $\{e_{n}\}\subset E$
$n arrow\infty 1\mathrm{i}\ln\alpha_{n}=0,\sum_{n=1}^{\infty}|\alpha_{n}-\alpha_{n-1}|<\infty,\sum_{n=0}^{\infty}\alpha_{n}=$ ,
$\lim_{narrow}\sup_{\infty}\beta_{n}<1,\sum_{n\approx 1}^{\infty}|\beta_{n}-\beta_{n-1}|<\infty$ ,
$\lim \mathrm{i}11\mathrm{f}\lambda_{n}>0narrow\infty’\sum_{n=1}^{\infty}|\lambda_{n}-\lambda_{n-1}|<\infty,\sum_{n.=0}^{\infty}||e_{n}||<\infty$
. $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $v$ .




, Theorem 4.3, Theorem 4.4 Hilbert
.
5.1. $H$ Hilbert , $f$ : $Harrow(-\infty, \infty]$ .
$x_{0}=x\in H$ , $\{x_{n}\}$
$y_{n} \approx\arg\iota \mathrm{n}\mathrm{i}\mathrm{n}z\in H\{f(z)+\frac{1}{2\lambda_{n}}||z-x_{n}||^{2}\}=\text{ _{}\lambda_{l}x_{n}}$,
$x_{n+1}=a_{n}x_{n}+\beta_{n}x_{n}+\gamma_{n}J_{\lambda_{1}}.x_{n}+e_{n}$ , $n\in N$
. $||y_{n^{-J_{\lambda_{\iota}}}},x_{n}||\leq\delta_{n}$ , $\{a_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}.\}\subset[0,1],$ $\{\lambda_{n}\}\subset$
$(0, \infty),$ $\{e_{n}\}\subset E$
$1 \mathrm{i}_{\mathrm{l}}\mathrm{n}\sup_{narrow\infty}\alpha_{n}<1,1\mathrm{i}_{\mathrm{l}}\mathrm{n}\sup_{narrow\infty}\beta_{n}<1,$
$\mathrm{l}\mathrm{i}\ln \mathrm{i}1\mathrm{l}\mathrm{f}\lambda_{n}>0narrow\infty’\sum_{n=0}^{\infty}||*||<\infty$
, $(\partial f)^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $(\partial f)^{-1}0$ $u$
. $u=1\mathrm{i}\iota \mathrm{n}_{narrow\infty}Px_{n}$ . $P$ $H$ $(\partial f)^{-1}0$
.
5.2. $H$ Hilbert , $f$ ; $Harrow(-\infty, \infty]$ .
$x_{0}=x\in H$ , $\{x_{n}\}$
$y_{n} \approx \mathrm{a}1^{\cdot}z\in H\mathrm{g}m\mathrm{i}\mathrm{n}\{f(_{\wedge}^{\sim})+\frac{1}{2\lambda_{n}}||z-x_{n}||^{2}\}=\text{ _{}\lambda_{n}x_{n}}$
$x_{n+1}=\alpha_{n}X+\beta_{n}x_{n}+\gamma_{n}\text{ _{}\lambda_{\iota}x_{n}+\epsilon_{n}},$ , $n\in N$
. $||y_{n^{-J_{\lambda}}},,,x_{n}||\leq\delta_{n}$ , $\{a_{n}\},$ $\{\beta_{n}\},$ $\{\gamma_{n}\}\subset[0,1],$ $\{\lambda_{n}\}\subset$
$(0, \infty),$ $\{e_{n}\}\subset E$
$n arrow\infty 1\mathrm{i}_{\mathrm{l}}\mathrm{n}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty,\lim_{narrow\infty}\beta_{n}=0,$ $n arrow\infty 1\mathrm{i}111\lambda_{n}=\infty,\sum_{n=0}^{\infty}||e_{n}||<\infty$
. $(\partial f)^{-1}0\neq\emptyset$ , $\{x_{n}(\}$ $(\partial f)^{-1}0$ $v$
. $Px=v$ , $P$ $H$ $(\partial f)^{-1}0$ .
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